Abstract. We show that a compact manifold admitting a Killing foliation with positive transverse curvature fibers over finite quotients of spheres or weighted complex projective spaces, provided that the singular foliation defined by the closures of the leaves has maximal dimension. This result is obtained by deforming the foliation into a closed one while maintaining transverse geometric properties, which allows us to apply results from the Riemannian geometry of orbifolds to the space of leaves. We also show that the basic Euler characteristic is preserved by such deformations. Using this fact we prove that a Riemannian foliation of a compact manifold with finite fundamental group and nonvanishing Euler characteristic is closed. As another application we obtain that, for a positively curved Killing foliation of a compact manifold, if the structural algebra has sufficiently large dimension then the basic Euler characteristic is positive.
Introduction
The symmetry rank of a Riemannian manifold is the rank of its isometry group, that is, the dimension of a maximal torus in Iso(M). It was proved by K. Grove and C. Searle in [19] that a closed Riemannian manifold with positive sectional curvature and maximal symmetry rank is diffeomorphic to a sphere, a real or complex projective space or a lens space. A generalization of this result for Alexandrov spaces was obtained recently in [23] . Here we show the following transverse analog of these results for Killing foliations, that is, complete Riemannian foliations with globally constant Molino sheaf (see Section 2.5). This class of foliations includes Riemannian foliations on complete simply-connected manifolds and foliations induced by isometric actions on complete manifolds [31, Lemme III] . where F denotes the singular Riemannian foliation of M by the closures of the leaves of F . Moreover, if equality holds above, there is a closed Riemannian foliation G of M arbitrarily close to F and such that M/G is homeomorphic to either (i) a quotient of a sphere S q /Λ, where Λ is a finite subgroup of the centralizer of the maximal torus in O(q + 1), or (ii) a quotient of a weighted complex projective space |CP q/2 [λ]|/Λ, where Λ is a finite subgroup of the torus acting linearly on CP q/2 [λ] (this case occurs only when q is even).
Recall that a generalized Seifert fibration is a foliation G whose leaves are all closed submanifolds. In this case we also say that G is a closed foliation. The number d = dim(F ) − dim(F ), where dim(F ) is the maximal dimension of the leaf closures of F , is called the defect of F and equals the dimension of the structural algebra g F of F (see Section 2.4). When F is a Killing foliation this number is also a lower bound for the symmetry rank of F , that is, the maximal number of linearly independent, commuting transverse Killing vector fields that F admits. Theorem A has a direct application for Riemannian foliations on positively curved manifolds (see Corollary 6.1).
We prove Theorem A by reducing it to application of the orbifold version of the aforementioned Grove-Searle classification [23, Corollary E], after deforming F into a closed Riemannian foliation G while maintaining the relevant transverse geometric properties, using the result below. In what follows T * (F ) denotes the algebra of F -basic tensor fields (see Section 2.2).
Theorem B. Let (F , g T ) be a Killing foliation of a compact manifold M. There is a homotopic deformation F t of F = F 0 into a closed foliation G = F 1 such that (i) the deformation occurs within the closures of the leaves of F and G can be chosen arbitrarily close to F , (ii) for each t there is an injection ι t : T * (F ) → T * (F t ) such that ι t (ξ) is a smooth timedependent tensor field on M, for any ξ ∈ T * (F ), and ι t (g T ) is a transverse metric for F t , (iii) the quotient orbifold M//G admits a smooth effective action of a torus T d , where d is the defect of F , which is isometric with respect to the metric induced by ι t (g T ) and such that M/F ∼ = (M/G)/T d .
In particular, symrank(G) ≥ d and, if sec F > 0 and G sufficiently close to F , then sec G > 0.
The fact that ι t (g T ) is a transverse metric for F t is actually a particular case of a stronger property of the deformation. In fact, ι(ξ) essentially consists of a deformation of the kernel of ξ, so for any transverse geometric structure defined by a tensor field σ ∈ T * (F ) (such as a transverse Riemannian metric, a basic orientation form, a transverse symplectic structure etc), ι t (σ) will be a transverse geometric structure of the same kind for F t . In particular, ι t restricts to an injection Ω * B (F ) → Ω * B (F t ) between the algebras of basic differential forms. It is also worth to mention that, if π : M → M//G denotes the canonical projection, π * • ι is an isomorphism between T * (F ) and the subalgebra T * (M//G)
-invariant tensor fields on M//G that, similarly, relates F -transverse geometric structures to T d -invariant geometric structures on M//G.
The proof of Theorem B is based on a result by A. Haefliger and E. Salem [22] that expresses F as the pullback of a homogeneous foliation of an orbifold. As Theorem A exemplifies, with this technique we are able to reduce results about the transverse geometry of Killing foliations to theorems about Riemannian orbifolds. Another application is the following "closed leaf" result, that complements a theorem by G. Oshikiri [34, Proposition and Theorem 2] by allowing noncompact ambient manifolds. We show it by reducing to an application of the orbifold version of the Synge-Weinstein Theorem.
Theorem C. Let F be an even-codimensional, complete Riemannian foliation of a manifold M with |π 1 (M)| < ∞. If sec F ≥ c > 0 then F possesses a closed leaf.
For any smooth foliation (M, F ) one can define the cohomology of the differential subcomplex Ω * B (F ) ⊂ Ω * (M), the basic cohomology of F (see Section 2.2). We study the basic Euler characteristic χ B (F ), the alternate sum of the dimensions of the basic cohomology groups, when F is a Killing foliation. We show that in this case this invariant localizes to the set Σ dim F that consists of the union of the closed leaves of F .
Theorem D. If F is a Killing foliation of a compact manifold M, then χ B (F ) = χ(Σ dim F /F ).
Equivalently, using the language of transverse actions (see Section 2.5), F | Σ dim F coincides with F g F , the fixed-point set of the action of the structural algebra g F on F (see Section 2.4), so the formula in Theorem D becomes χ B (F ) = χ B (F g F ), in analogy with the localization of the classical Euler characteristic to the fixed-point set of a torus action.
Theorem D enables us to show that the basic Euler characteristic is preserved by the deformations devised in Theorem B (see Theorem 7.4) . Using this fact we obtain the following transverse analog of the partial answer to Hopf's conjecture by T. Püttmann and C. Searle for manifolds with large symmetry rank [36, Theorem 2] , by reducing it to an orbifold version of this same result that we also prove (see Corollary 8.9).
Theorem E. Let F be an even-codimensional, transversely orientable Killing foliation of a closed manifold M. If sec F > 0 and
Finally, we combine the results of A. Haefliger on the classifying spaces of holonomy groupoids that appear in [20] with the invariance of χ B by deformations to obtain the following topological obstruction for Riemannian foliations.
Theorem F. Any Riemannian foliation of a compact manifold M with |π 1 (M)| < ∞ and χ(M) = 0 is closed.
It is shown in [15, Théorème 3.5 ] that a Riemannian foliation of a compact simply-connected manifold M satisfying χ(M) = 0 must have a closed leaf, a fact that also follows from the Poincaré-Hopf index theorem (see Proposition 3.3) . Notice that Theorem F shows, in fact, that all leaves of such a foliation must be closed.
Preliminaries
In this section we review some of the basics on Riemannian foliations and establish our notation. All objects are supposed to be of class C ∞ (smooth) unless otherwise stated. Throughout this article, F will denote a p-dimensional foliation of a connected manifold M without boundary, of dimension n = p + q. The subbundle of T M consisting of the spaces tangent to the leaves will be denoted by T F and the Lie algebra of the vector fields with values in T F by X(F ). The number q is the codimension of F . A foliation F is transversely orientable if its normal space νF := T M/T F is orientable. The set of the closures of the leaves in F is denoted by F := {L | L ∈ F }. In the simple case when F = F , we say that F is a closed foliation.
Recall that F can be alternatively defined by an open cover {U i } i∈I of M, submersions
The collection {γ ij } is a Haefliger cocycle representing F and each U i is a simple open set for F . We will assume without loss of generality that the fibers π
A foliate morphism between (M, F ) and (N, G) is a smooth map f : M → N that sends leaves of F into leaves of G. In particular, we may consider F -foliate diffeomorphisms f : M → M. The infinitesimal counterparts of this notion are the foliate vector fields of F , that is, the vector fields in the Lie subalgebra
If X ∈ L(F ) and π : U → U is a submersion locally defining F , then X| U is π-related to some vector field X U ∈ X(U). In fact, this characterizes L(F ) [32, Section 2.2]. The Lie algebra L(F ) also has the structure of a module, whose coefficient ring consists of the basic functions of F , that is, functions f ∈ C ∞ (M) such that Xf = 0 for every X ∈ X(F ). We denote this ring by Ω 0 B (F ). The quotient of L(F ) by the ideal X(F ) yields the Lie algebra l(F ) of transverse vector fields. For X ∈ L(F ), we denote its induced transverse field by X ∈ l(F ). Note that each X defines a unique section of νF and that l(F ) is also a Ω 0 B (F )-module. Let (M, F ) be represented by the Haefliger cocycle {(U i , π i , γ ij )}. The pseudogroup of local diffeomorphisms generated by γ = {γ ij } acting on T γ := i U i is the holonomy pseudogroup of F associated to γ, that we denote by H γ . If δ is another Haefliger cocycle defining F then H δ is equivalent to H γ , meaning that there is a maximal collection Φ of diffeomorphisms ϕ from open sets of T δ to open sets of T γ such that {Dom(ϕ) | ϕ ∈ Φ} covers T δ , {Im(ϕ) | ϕ ∈ Φ} covers T γ and, for all ϕ, ψ ∈ Φ, h ∈ H δ and h ′ ∈ H γ , we have ψ
We will write (T F , H F ) to denote a representative of the equivalence class of these pseudogroups. Note that the orbit space T F /H F is precisely M/F . We denote the germinal holonomy group of a leaf L at x ∈ L by Hol x (L). Recall that there is a surjective homomorphism h : π 1 (L, x) → Hol x (L). Also, it can be shown that leaves without holonomy are generic, in the sense that {x ∈ M | Hol x (L) = 0} is residual in M [10, Chapter 2].
2.1. Foliations of orbifolds. Orbifolds are generalizations of manifolds that arise naturally in many areas of mathematics. We refer to [1, Chapter 1] , [29, Section 2.4] or [25] for quick introductions.
Let O be a smooth orbifold with an atlas A = {( U i , H i , φ i )} i∈I . We denote the underlying space of O by |O|. Recall that each chart of A consists of an open subset U of R n , a finite subgroup H of Diff( U ) and an H-invariant map φ : U → |O| that induces a homeomorphism between U /H and some open subset U ⊂ |O|. Given a chart ( U, H, φ), and x = φ(x) ∈ U, the local group Γ x of O at x is the isotropy subgroup Hx < H. Its isomorphism class is independent of both the chart and the liftingx, and for every x ∈ |O| we can always find a compatible chart ( U x , Γ x , φ x ) around x, that is, such that φ −1 (x) consists of a single point.
Example 2.1. If F is a q-codimensional foliation of a manifold M such that every leaf is compact and with finite holonomy, then M/F has a canonical q-dimensional orbifold structure relative to which the local group of a leaf in M/F is its holonomy group [29, Theorem 2.15] . We will denote the orbifold obtained this way by M//F , in order to distinguish it from the topological space M/F . Analogously, if a Lie group G acts properly and almost freely on M, we will denote the quotient orbifold by M//G (see also Example 2.4).
Similarly to the construction of the holonomy pseudogroup of a foliation, consider U A := i∈I U i and φ := {φ i } i∈I :
The collection of all changes of charts of A form a pseudogroup H A of local diffeomorphisms of U A , and φ induces a homeomorphism U A /H A → |O|. The germs of the elements in H A have a natural structure of a Lie groupoid that furnishes an alternative framework to develop the theory of orbifolds (see [29, Chapter 5] 
There are several distinct definitions of smooth maps between orbifolds in the literature (see, for instance, [7] , [11] and [25] ), the most common being to define a continuous map f : |O| → |P| to be smooth when, for every x ∈ |O|, there are charts ( U, H, φ) around x and ( V , K, ψ) around f (x) such that f (U) ⊂ V and there is a smooth map f : U → V with ψ • f = f • φ. There are relevant refinements of this notion, such as the good maps defined in [11] , that are needed in some constructions, for example in order to coherently pull orbibundles back by smooth maps. We remark here that this notion of good map matches the notion of smooth morphisms when the orbifolds are viewed as Lie groupoids (see [28, Proposition 5.1.7] ). In particular, a smooth map M → O "in the orbifold sense", as defined in [22, p. 715 ], corresponds to a good map.
Following [22, Section 3 .2], we define a smooth foliation F of O to be a smooth foliation of U A which is invariant by H A . The atlas can be chosen so that on each U i the foliation is given by a surjective submersion with connected fibers onto a manifold T i .
Basic cohomology.
A covariant tensor field ξ on M is F -basic if ξ(X 1 , . . . , X k ) = 0, whenever some X i ∈ X(F ), and L X ξ = 0 for all X ∈ X(F ). These are the tensor fields that project to tensor fields on T F and are invariant by H F . In particular, we say that a differential form α ∈ Ω i (M) of degree i is basic when it is basic as a tensor field. By Cartan's formula, α is basic if, and only if, i X α = 0 and i X (dα) = 0 for all X ∈ X(F ). We denote the Ω 
In analogy with the manifold case, we say that
are the basic Betti numbers of F . When F is the trivial foliation by points, we recover the classical Euler characteristic and Betti numbers of M.
Since we have an identification between F -basic forms and H F -invariant forms on T F , and an identification between differential forms on an orbifold O and H O -invariant forms on U O , the following result is clear. A metric g is bundle-like for (M, F ) if and only if a geodesic that is perpendicular to a leaf at one point remains perpendicular to all the leaves it intersects. Moreover, geodesic segments perpendicular to the leaves project to geodesic segments on the local quotients U . It follows that the leaves of a Riemannian foliation are locally equidistant.
Example 2.4. If a foliation F on M is given by an almost free action of a Lie group G and g is a Riemannian metric on M such that G acts by isometries, then g is bundle-like for F [29, Remark 2.7(8) ]. In other words, a foliation induced by an isometric action is Riemannian. A foliation given by the action of a Lie group is said to be homogeneous.
For a specific example, consider the flat torus
The resulting foliation is the λ-Kronecker foliation of the torus. Observe that when λ is irrational each leaf is dense in T 
. This is an almost free isometric action that restricts to an action of
with the same quotient. The quotient orbifold S 2n+1 //S 1 is called a weighted projective space and denoted
, for example, is simply the Z p -Z q -football orbifold, that is, a sphere with two cone singularities (of order p and q) at the poles. It follows from the definition that g T projects to Riemannian metrics on the local quotients U i of a Haefliger cocycle {(U i , π i , γ ij )} defining F . The holonomy pseudogroup H F then becomes a pseudogroup of local isometries of T F and, with respect to a a bundle-like metric, the submersions defining F become Riemannian submersions. We will say that F has positive transverse sectional curvature when (T F , g T ) has positive sectional curvature. In this case we denote sec F > 0. The notions of negative, nonpositive and nonnegative transverse sectional curvature are defined analogously, as well as the corresponding notions for transverse Ricci curvature.
The basic cohomology of Riemannian foliations on compact manifolds have finite dimension, as shown in [2, Théorème 0]. The hypothesis that M is compact can be relaxed to M/F being compact, provided that F is a complete Riemannian foliation, that is, that M is a complete Riemannian manifold with respect to some bundle-like metric for F [16, Proposition 3.11]. Hence, if this is the case, χ B (F ) is always defined.
The following transverse analogue of the Bonnet-Myers Theorem due to J. Hebda will be useful [24, Theorem 1] . Theorem 2.6 (Hebda). Let F be a complete Riemannian foliation satisfying Ric F ≥ c > 0. Then M/F is compact and H 1 B (F ) = 0. 2.4. Molino theory. In this section we summarize the structure theory for Riemannian foliations due mainly to P. Molino [32] . Recall that a transverse metric induces a Riemannian metric on the quotient of each foliation chart U. The pullbacks of the Levi-Civita connections on U glue together to a well-defined connection ∇ B on T M, the canonical basic Riemannian connection, which induces a covariant derivative on l(F | U ) (that we also denote by ∇ B ). Let us fix L ∈ F , denote J = L , and consider the foliation (J, F | J ) and the Lie algebra g F := l(F | J ). Then F | J is a complete Lie g F -foliation, in the terminology of E. Fedida, whose work establishes that such foliations are developable, meaning that they lift to simple foliations of the universal coverings [32, Theorem 4.1]. The restriction of F to the closure of a different leaf is isomorphic to (J, F | J ), so g F is an algebraic invariant of F , called its structural algebra. We say that d := dim(g F ) is the defect of F , motivated by the results in the next section.
Molino sheaf and Killing foliations.
and there is, thus, a corresponding Lie algebra of transverse Killing vector fields that we denote by iso(F , g T ) (we will omit the transverse metric when it is clear from the context). The elements of iso(F , g T ) are precisely the transverse fields that project to Killing vector fields on the local quotients of 
Notice that the relationship between F, C F and g F enables us to write the defect of F as
An interesting class of Riemannian foliations is the one consisting of complete Riemannian foliations that have a globally constant Molino sheaf. Such foliations are called Killing foliations, following [33] . In other words, if F is a Killing foliation then there exists X 1 , . . . , X d ∈ iso(F ) such that T F = T F ⊕ X 1 , . . . , X d . A complete Riemannian foliation F is a Killing foliation if and only if C F is globally constant, and in this case C F (M F ) is the center of l(F ). Hence C F (M) is central (but not necessarily the full center of) l(F ). It follows that the structural algebra of a Killing foliation is Abelian, because we have g 
, such that the singular foliation everywhere tangent to the distribution of varying rank g F · F defined by 
Transverse Killing vector fields and the structural algebra
In this section we prove some basic facts about the zero sets of transverse Killing vector fields that will later be used. We also study the behavior of the structural algebra when a Riemannian foliation is lifted to a finitely-sheeted covering space.
Properties of transverse Killing vector fields. If (M, F , g
T ) is a Riemannian foliation and X ∈ iso(F , g T ) is a transverse Killing vector field, we denote by Zero(X) the set where X vanishes. We say that an F -saturated submanifold N ⊂ M is horizontally totally geodesic if it projects to totally geodesic submanifolds in the local quotients U of F .
T ) be a Riemannian foliation and let X ∈ iso(F ) be a transverse Killing vector field. Then each connected component N of Zero(X) is a closed submanifold of M of even codimension. Moreover, N is horizontally totally geodesic and saturated by the leaves of F and F, and if F is transversely orientable then (N, F | N ) is transversely orientable.
Proof. Since X is transverse and Zero(X) is closed, N is saturated by the leaves of both F and F . Recall that, for a local trivialization π : U → U of F , X projects to a Killing vector field X U on (U , π * (g T )), so we see that N ∩U = π −1 (N ), where N is a connected component of Zero(X U ), which in turn is known to be a totally geodesic submanifold of U of even codimension [26, Theorem 5.3] . Using this it is now easy to prove that N is an even-codimensional, horizontally totally geodesic, closed submanifold of M.
For the last claim, note that (∇ B X) x : ν x F → ν x F is skew-symmetric and vanishes on
where l = dim(W x )/2 = codim(N)/2. The eigenvalues ±iα j remain constant on N because on each simple open set U ∋ x these are the eigenvalues of (∇ U (X U )) x , that are known to
B X defines a complex structure on W . In particular, we have that W is orientable and, since
the result follows.
Recall that the symmetry rank of a Riemannian manifold is the rank of its isometry group. In analogy, if (M, F , g T ) is a Riemannian foliation we define the transverse symmetry rank of F by
where a runs over all the Abelian subalgebras of iso(F ). If a < iso(F ) is a subalgebra satisfying dim(a) = symrank(F ), we will denote by Z(a) the set consisting of all proper connected components of the zero sets of the transverse Killing vector fields in a. (i) Every transverse Killing vector field in a is tangent to N (that is, every foliate field representing a field in a is tangent to N) and, therefore, the restriction to N of the fields in a yields a commutative Lie algebra a| N of transverse Killing vector fields of
The proof of the analogous properties for Killing vector fields on a Riemannian manifold M [35, Proposition 30] adapts directly to the present setting if one works on the normal spaces ν x F in place of T x M and with the basic connection ∇ B , so we will omit the details. will be called the stratum of the closed leaves, even though it is not, in general, a canonical stratum. Proposition 3.3. Let (M, F ) be a Killing foliation. There exists a transverse Killing vector field X ∈ iso(F ) such that Zero(X) = Σ dim F .
The canonical stratification. Given a complete Riemannian foliation
Proof. Choose an (at most) countable cover
by simple open sets. Since there are no closed leaves in U i , the algebra C F (U i ) = C F (M)| U i projects on the quotient U i to an Abelian algebra c i of Killing vector fields whose orbits have dimension at least 1. It is then known that the set of Killing vector fields in c i that do not vanish at any point of U i is residual [33, Lemme] . Clearly, X ∈ C F (M) vanishes at x ∈ U i if, and only if, the induced Killing vector field X i ∈ c i vanishes at x. Hence, since we have only countable many open sets U i , it follows that the set of fields in C F (M) not vanishing at any point of
is a horizontally totally geodesic, closed submanifold of M of even codimension, and F | N is transversely orientable when F is (see Proposition 3.1).
3.3. The structural algebra and finite coverings. Let us now study the behavior of the structural algebra when a Riemannian foliation is lifted to a finitely-sheeted covering space.
The proof is elementary, so we will omit it.
Proposition 3.5. Let F be a complete Riemannian foliation of M and let ρ : M → M be a finitely-sheeted covering map. Then
Proof. We can identify M F with the pullback bundle (ρ )
where the horizontal arrows are finitely-sheeted covering maps. Moreover, (ρ ) * (C F ) can be identified with the liftπ * (ρ * (C F )), hence, since the Molino sheaves of F and F are defined in terms of the sheaves of the corresponding lifted foliations, it remains to show that (ρ )
Indeed, C F commutes with the Lie algebra l( F ) of F -transverse fields, hence, in particular, it commutes with (ρ ) * (l(F )), so C F is a subsheaf of (ρ ) * (C F ). This implies that if we consider an open subset U ⊂ M F where both C F and (ρ ) * (C F ) are constant and such that ρ | U is a diffeomorphism, then ρ * (C F (U)) < C F (ρ (U)). Now, by Lemma 3.4, the leaf closures in F and F have the same dimension, hence we must have
Corollary 3.6. Let F be a complete Riemannian foliation of M and let ρ : M → M be a finitely-sheeted covering. Then g F ∼ = g F , where F is the lifted foliation of M . In particular, if |π 1 (M)| < ∞, then g F is Abelian.
Deformations of Killing foliations
There are several notions of deformations of foliations available in the literature [10, Section 3.6]. Here we will be interested in deformations of the following type: two smooth foliations 
for i = 0, 1. In this case we will also say that F is a homotopic deformation of F 0 into F 1 Example 4.1. Consider, for λ 1 , λ 2 ∈ R, the λ i -Kronecker foliations F (λ i ) of T 2 (see Example 2.4). Clearly, a homotopic deformation between F (λ 1 ) and F (λ 2 ) is given by F ((1 −t)λ 1 + tλ 2 ), t ∈ [0, 1]. Notice that if λ 1 is irrational and we choose λ 2 ∈ Q, then we obtain a deformation of a foliation with dense leaves into a closed foliation. We are primarily interested in deformations with this property.
Proof of
Suppose that M is compact and F is a Killing foliation of M. We can deform F using this result as follows. Let h be the Lie algebra of H and consider a Lie subalgebra k < Lie(T N ) ∼ = R N , with dim(k) = dim(h), such that its corresponding Lie subgroup K < T N is closed. We can suppose k close enough to h, as points in the Grassmannian Gr dim h (Lie(T N )), so that the action µ| K remains locally free. Because K is a closed subgroup, the leaves of the foliation G K defined by the orbits of K are all closed. Taking k even closer to h if necessary, we can suppose that Υ remains transverse to G K , so G := Υ * (G K ) is the desired approximation of F . In this sense, F can be arbitrarily approximated by such a closed foliation G. Moreover, this allows us to suppose that a submanifold T ⊂ M that is a total transversal for F is also a total transversal for G, so that there are representatives of the holonomy pseudogroups H F and H G both acting on T . The same goes for H F H and H G K , they both act on the transversal S = Υ(T ).
Theorem 4.2 states that (O, F H ) is a realization of the classifying space of H F . Roughly speaking, this classifying space is a space with a foliation such that the holonomy covering of each leaf is contractible and whose holonomy pseudogroup is equivalent to H F . In particular, (T, H F ) is equivalent to (S, H F H ), the equivalence being generated by restrictions of Υ to open sets in T where it becomes a diffeomorphism. One can prove that also (T,
is not a realization of the classifying space of H G , because a generic leaf is no longer contractible. It follows that Υ * defines isomorphisms
This can be done, for instance, by choosing a Riemannian metric on O with respect to which T N acts by isometries. Let ξ ∈ T * (F ) and let ξ H be the corresponding F H -basic tensor field on O, that is, ξ H is H-invariant (hence T N -invariant), and ξ H (X 1 , . . . , X k ) = 0 whenever some X i ∈ T F H . Define a tensor field ξ K on O by declaring that ξ K = ξ H on νF H and that ξ K (X 1 , . . . , X k ) = 0 whenever some
Then from what we saw above it follows that ξ K is K-invariant. Since ξ K vanishes in T G K by construction, it is therefore G K -basic. The association ξ → Υ * (ξ K ) defines the desired injection ι : T * (F ) ֒→ T * (G). By construction it is clear that ι(g T ) is a transverse Riemannian metric for G. In fact, for any F -transverse structure given by an F -basic tensor field, ι will induce a G-transverse structure of the same kind.
Since M is complete, H F is a complete pseudogroup of local isometries (in the sense of [ 
In fact, for this it suffices to see that ξ H → π
Of course, we could further consider a smooth path h(t), for t ∈ [0, 1], on the Grassmannian Gr dim h (Lie(T N )) connecting h to k such that the action µ| H(t) of each corresponding Lie subgroup H(t) is locally free and the induced foliation is transverse to Υ. Then F t := Υ * (F H(t) ) defines a C ∞ -homotopic deformation of F into G. In this case we have an injection ι t : T * (F ) ֒→ T * (F t ) for each t. It is clear that ι t (ξ) is a smooth time-dependent tensor field on M for each ξ ∈ T * (F ), that is, ι(ξ) is smooth as a map [0, 1] × M → * T M. Since both the deformation F t and ι t (g T ) depend smoothly on t, the transverse sectional curvature sec Ft with respect to ι t (g T ) is a smooth function on t. In particular, if sec F > c, then since M is compact we actually have sec F ≥ c ′ > c, hence if G is sufficiently close to F then sec G > c, by continuity. Of course, similarly we can choose G satisfying sec G < c when sec F < c.
We will take advantage of the notation established above to observe one more fact that will be useful later. Choose a sequence G i = Υ * (G K i ) of closed foliations approaching F . As the deformation respects F, if F has a closed leaf L, then L ∈ G i for each i. Let us denote by h(G i ) the order of the holonomy group of L as a leaf of G i . We claim that 
A closed leaf theorem
Let us proceed with the proof of Theorem C. Suppose that F has no closed leaves and consider the lift F of F to the universal covering space ρ : M → M of M. Then, endowed with ρ * (g T ), F is a Killing foliation also satisfying sec F ≥ c > 0. By Proposition 3.5, F does not have any closed leaves either. By Theorem 2.6 it follows that M / F is compact, therefore the holonomy pseudogroup ( T , H F ) of F is a complete pseudogroup of local isometries [37, Proposition 2.6] whose space of orbit closures is compact (as it coincides with M / F). Moreover, since there is a surjective homomorphism 
and F ′ has no closed leaves. It is possible to choose a 1-parameter subgroup
, that is, without fixed points. In particular, this gives us an isometry of M ′ //G ′ that has no fixed points, which contradicts the Synge-Weinstein Theorem for orbifolds (see [39, Theorem 2.3.5] ). This finishes the proof.
Positively curved foliations with maximal-dimensional closure
A generalization of the Grove-Searle classification of positively curved manifolds with maximal symmetry rank for Alexandrov spaces was obtained recently in [23] . Since the underlying space of a positively curved orbifold is naturally a positively curved Alexandrov space, this result also furnishes a classification for orbifolds with maximal symmetry rank [23, Corollary E] . Theorem A now follows easily by combining this classification with Theorem B.
6.1. Proof of Theorem A. Let G be a closed foliation, given by Theorem B, satisfying sec G > 0. Then the leaf space of G is a q-dimensional Riemannian orbifold M//G whose sectional curvature is positive. By the Bonnet-Myers Theorem for orbifolds [6, Corollary 21] it follows that M//G is compact. Moreover, if ω is a basic orientation form for F then ι(ω) is an orientation form for G, so M//G is orientable. In particular, M//G has no 1-codimensional strata. The union of the closures of the 1-codimensional strata coincides with the Alexandrov boundary of M/G, so it follows that M//G is closed in the sense of [23] .
Furthermore, since M//G admits an isometric action of the torus T Proof. Let ( M , F) be the lifted foliation of the universal covering space of M. Since sec M ≥ c > 0 it follows from the Bonnet-Myers Theorem that M is compact and |π 1 (M)| < ∞. Hence, using Proposition 3.5 and Theorem A, we obtain that
since F is a Killing foliation and sec F ≥ sec M , by O'Neill's equation. In case of equality, let G be the closed foliation of M given by Theorem A. The fact that M is simply-connected guarantees that π Proof. The lift F of F to the universal covering space of M is a Killing foliation and satisfies codim( F) = codim(F ) = 2 codim(F ) = 2 codim( F), by Corollary 3.6. Therefore F (and, consequently, F ) have finitely many closed leaves.
Localization of the basic Euler characteristic
We will prove in this section that the basic Euler characteristic (see Section 2.2) of a Killing foliation (M, F ) localizes to the zero set of any transverse Killing vector field in C F (M) and hence, in particular, to Σ dim F . A useful tool will be a transverse version of Hopf's Index Theorem that appears in [5, Theorem 3.18] . It states that, for F a Riemannian foliation on a
where the sum ranges over all critical leaf closures J of F . The concepts involved, such as F -nondegeneracy and the index ind J (X), are generalizations of the classical analogs, and χ B (J, F , Or J (X)) is the alternate sum of the cohomology groups of the complex of F | J -basic forms with values in the orientation line bundle of X at J (for details, see [5, Section 3] ).
Proof. We are going to construct a suitable vector field W ∈ L(F ) and apply the Basic Hopf Index Theorem. Let N 1 , . . . , N k be the connected components of Zero(X). For each i ∈ {1, . . . , k}, choose f i ∈ Ω It is not difficult to see that each π i is a foliate map, so we have that
Now let {ϕ, ψ} be a basic partition of unity subordinate to the saturated open cover
and define
Moreover, one proves that the flow of each Z i preserves F , hence Z i is foliate.
The vector field that we are interested in is
where X ∈ L(F ) is a fixed representative for X (and it is understood that Y i and Z i are extended by zero outside their original domains). On M \ Tub ε (Zero(X)) we have W = X = 0. By passing to local quotients we easily see that X is π i -horizontal on each
Thus, the critical leaf closures of W must be within Tub ε/2 (N i ), where we have Let J = L be one of those critical leaf closures of W | Tub ε (N i ) and let (x 1 , . . . , x p ) be normal coordinates on a neighborhood V ⊂ L. Now choose an orthonormal frame . . . , x p , y 1 , . . . , y r , y r+1 , . . . , y q , y q+1 , . . . , y q ) for a tubular neighborhood Tub δ (V ) such that (x 1 , . . . , x p , y 1 , . . . , y r , y q+1 , . . . , y q ) are local coordinates for N i . Choose δ small enough so that
we see that, for x ∈ J ∩ V , the linear part W J,x of W (see [5, p. 325] ) has the matrix representation
Therefore W is F -nondegenerate. On the other hand, consider (N i , F | N i ) and the restriction W | N i . Using the coordinates (y 1 , . . . , y r , y q+1 , . . . , y q ) we see that the matrix representation of (W | N i ) J,x coincides with the first block of W J,x . In particular, ind J (W ) = ind J (W | N i ) . Moreover, this also shows that we can identify Or J (W ) with Or J (W | N i ), since the negative directions of W J,x and (W | N i ) J,x coincide.
We now apply [5, Theorem 3.18 ] to (M, F ) and to each (N i , F | N i ), obtaining
It is clear that basic cohomology is additive under disjoint unions, so the result follows.
7.1. Proof of Theorem D and some corollaries. It is now easy to establish Theorem D. By Proposition 3.3 we can choose a transverse Killing vector field X ∈ iso(F ) such that The theorem by P. Conner [12] mentioned in the beginning of this chapter is originally stated for the set of fixed points of a torus action instead of Zero(X) (the statement for Zero(X) can be recovered by considering the action of the closure in Iso(M) of the subgroup generated by the flow of X). In analogy, if F is a Killing foliation, the stratum of closed leaves Σ dim F corresponds to the fixed point set of the transverse action of the Abelian algebra g F . The following result can be seen, thus, as a version of Conner's Theorem for foliations. Corollary 7.3. Let F be a transversely oriented Killing foliation of a compact manifold M.
Proof. It is shown in [16, Theorem 5.5] that
On the other hand,
By adding (1) and (2) we get the first item and by subtracting (2) from (1) we get the second one.
The basic Euler characteristic under deformations.
We will show now that the basic Euler characteristic is preserved by the deformation given in Theorem B. This is somewhat surprising, because the basic Betti numbers, in general, are not preserved. 
where the second equality follows from the theory of continuous torus actions [9, Theorem 10.9] and the last one from Theorem 7.1.
Transverse Hopf conjecture
A well-know conjecture by H. Hopf states that any even-dimensional, compact Riemannian manifold M with positive sectional curvature must have positive Euler characteristic. In dimension 2 the conjecture holds, for if Ric M is bounded below by a positive constant we have |π(M)| < ∞, hence H 1 (M, R) = 0 by the Hurewicz Theorem. In dimension 4, passing to the orientable double cover and using Poincaré duality we see that the conjecture also holds. For dimensions larger than 4 the full conjecture is still an open problem, but it holds, however, when the symmetry rank of M is sufficiently large. For example, if dim(M) = 6 and M admits a nontrivial Killing vector field X, then, by the lower dimensional cases, 0 < χ(Zero(X)) = χ(M). Our goal in this section is to obtain a transverse version of this result for Killing foliations. Let us begin by trying to directly generalize the low codimensional cases from the manifold counterparts that we saw above. Suppose that F is a 2-codimensional complete Riemannian foliation on M and that Ric F ≥ c > 0. By Theorem 2.6 if follows that H In order to prove the foliation version of Hopf's conjecture to 4-codimensional foliations we need Poincaré duality to hold for the basic cohomology complex. Combining Theorem 2.6 with the results in [27] we see that Ric F > 0 is a sufficient condition for this to happen, provided the foliation is also transversely oriented [27, Corollary 6.2, Theorem 6.4 and Corollary 6.5]. . In this section we will study, analogously, the leaf spaces of closed Riemannian foliations that admit a transverse Killing vector field X such that codim(N) = 2 for some connected component N of Zero(X). We do so because it will be useful later in our pursuit of a transverse version of Theorem 8.1. We begin with the following transverse version of Frankel's Theorem.
Lemma 8.5. Let (M, F ) be a complete Riemannian foliation with sec F ≥ c > 0 and let N and N ′ be F -saturated, horizontally totally geodesic, compact submanifolds such that codim(
The proof is similar to that of the classical case [13, Theorem 1] if one works with H Fgeodesics on a total transversal T F , so we will omit it. Theorem 8.6. Let F be a q-codimensional, closed Riemannian foliation of a closed manifold M. Suppose that q is even, sec F c > 0 and X ∈ iso(F ) satisfies codim(N) = 2 for some connected component N of Zero(X). Then M/F is homeomorphic to the quotient space of either 
If we define an isometric action of S
we get
which exhibits |O| as a finite quotient of a sphere. Now suppose S
. Then dim(S 1 x) = 0 and ν x ∼ = S q−1 /Γ x , so, similarly, we have
In this case x is a fixed point of the S 1 action and therefore corresponds to a leaf L of F where X vanishes. We claim that x is an isolated fixed point. Indeed, if this was not the case, since is also almost free. Let E be the Riemannian foliation of S q+1 given by the connected components of the orbits of S 1 x . Notice that S 1 x may be disconnected, but the connected component ( S 1 x ) 0 of the identity is a circle whose action defines the same foliation E. Thus, denoting by Λ the finite group
where the action of Λ identifies the points in S q+1 /E corresponding to the same S 
Furthermore, since |O| is paracompact and locally contractible, its singular cohomology coincides with its Čech cohomology, so we also have
Now consider the closure of the subgroup generated by the flow of the induced Killing vector field X O ∈ iso(O). This subgroup is a torus T < Iso(O) and Zero(X O ) = |O| The lemma below is a transverse version of Theorem 8.1 for closed foliations, from which the orbifold analogue of the Püttmann-Searle Theorem will be a direct consequence.
Lemma 8.8. Let F be a q-codimensional, transversely orientable, closed Riemannian foliation of a closed manifold M and let N ∈ Z(a), where a < iso(F ) is any Abelian Lie subalgebra such that dim(a) = symrank(F ). If q is even, sec F > 0 and symrank(F ) ≥ q/4 − 1, then χ B (F | N ) > 0. In particular, χ B (F ) > 0. 
A topological obstruction
Let (M, F ) be a Riemannian foliation and denote by G F the holonomy groupoid of F (see [29, Proposition 5.6] or [20, Section 1.1]). The study of classifying spaces of topological groupoids that appears in [20] shows that there is a locally trivial fibration EG F → BG F , whose fiber is a generic leaf of F [20, Corollaire 3. On the other hand, by Lemma 4.3, for a sequence G i of closed foliations approaching F we must have h(G i ) → ∞. In particular, we can change the number h(G) by varying G. This violates equation (4).
9.1. Proof of Theorem F. Suppose M is a compact manifold satisfying |π 1 (M)| < ∞ and χ(M) = 0 and let F be a Riemannian foliation of M. We denote by F the lift of F to the universal covering M . Then we have χ( M ) = |π 1 (M)|χ(M) = 0, so F is a closed foliation, by Theorem 9.1. It now follows from Corollary 3.6 that F is also closed.
